DISTORTION OF AN EXTERNAL MAGNETIC FIELD BY AN EXPANDING
PLASMA SPHERE LOCATED IN A SLIGHTLY CONDUCTIVE SEMISPACE
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Expansion of an ionized gas in a cavity within a condensed medium located in a mag-
netic field leads to development of electromagnetic perturbations. Another source of elec-
tromagnetic fields is shock polarization of the material in the stress wave which develops
within the condensed medium under the action of the expanding gas cavity [1]. It is of
interest to clarify the roles of both these mechanisms and to compare their contributions
to the total electromagnetic signal (amplitude, spectrum, polarization, etc.).

The present study will investigate a strongly heated plasma sphere, expanding within
a weakly conductive condensed medium bounded by a vacuum. The effective magnetic moment
of the plasma sphere will be calculated together with the electromagnetic field at the
planar boundary with the vacuum. The dependence of the signal form and spectrum upon the
plasma parameters and properties of the medium will be analyzed. The effect of the phe-
nomenon studied will be compared to the contribution of shock polarization of the condensed
medium.

We will consider a homogeneous plasma sphere located within a homogeneous magnetic
field Hy,. At a time t > 0 let the radius of .the sphere begin to increase by a law R(t) =
R, ¢ (t), while the electrical conductivity of the plasma within the sphere changes by the
law o = o(t). If the sphere is located at a large distance from the surface h » R, then
in calculating the field in the vicinity of the sphere we may neglect the effect of the
free surface. We also then neglect the electrical conductivity o, of the condensed medium
(0 » 0,).as well. The equations for the magnetic field in the quasisteady-state approxima-
tion (the medium is nonmagnetic, i.e., u = 1) have the form '

rotH=20, divH =0, r > R;

oH 2 . 1
S —rot[VH] = Z—AH, divH=0, 0<r<R, )

where v is the velocity field within the plasma sphere. It is evident from the expressions
presented below that as a solution of Eq. (1) for the external region r > R it is sufficient
to take the sum of the homogeneous field H;, and the magnetic moment field proportional to
H,. Using an expression in reference vectors of a spherical coordinate system, we write
this solution in the form

2aR} | R
H=H0[( r3" +1)cos@er+<a—r3fl—1) sinGeoJ, r>R (2)

(the angle 6 is measured from the direction of H;). The form of the function a = a(t) ap-
pearing in the magnetic moment aH,R,3 will be determined below from the boundary conditionms,
on the sphere surface.

Using an expression for the radius vector of a volume element of the homogeneously
expanding plasma r = ry@(t) (where r, is the initial coordinate of the volume element), we
write the plasma velocity as v = 1y = r{/@. Substituting this expression in Eq. (1) and
transforming to the Lagrangian variables r,, t, we obtain

oH ¢ g . _ (3)
"'a‘t— + 2—(9—' H = WArOH’ le,-oH == O.
We will omit the subscript on r,, below, understanding by r the Lagrangian variable. We
seek a solution of Eq. (3) in the form
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H = H,(r, t) cos e, — H,(r, ) sin Ocg. (4)

For H, and H, we find a system of equations

: " 2y 4, —H)
H,+2%XH, — '
ot o 1T 4n0@ [ A }’

. . 2H 2 7 —H
Ilz+2—(§)—lz’2_ [ @y )},

4roe? zf2

(5)
Hy+2(H, —H)/r=0

(the prime denotes differentiation with respect to r, and the dot, differentiation with
respect to time). In system (5) it will be convenient to transform to new unknown functions
= (H, — H,)/H, and g = (H, + 2H,)/Hy— 3, which satisfy the new system of equations

. é B &2 , %ﬂ_ EL-
f+2~(p—f—m(f + =) (6)
vy 2 (7)

g+2-2 o (& 3)= (Pz(ngrj
2f + g +6f/r=0. (8)

Since at the initial moment a homogeneous magnetic field H,, existed everywhere, the 1n1t1a1
conditions for f and g are as follows:

iry 0) = g(r; 0) = 0. (9)

The normal and tangent components of H must be continuous on the sphere surface. Comparing
Eqs. (2) and (4), we find the boundary conditions

f(Bo, t) = 3alg®, g(R,, t) = 0. (10)

We will show that the system of Eqs. (6)-(8) with boundary conditions (9), (10) has
a unique solution. Expanding Eq. (8) in f and considering that f is finite as r - 0, we
obtain

f=——i—jﬂr3~—————6g(rl’t) dr. (11)

We will prove that if g satisfies Eq. (7), then Egq. (11) satisfies Eq. (6). To do this
we apply to Eq. (11) the operator 3/at + 2¢/¢. - Using Eq. (7), we obtain

r

2 o ., 2
f+22 ﬁ—~—i—*5ﬁg @-+%er
1

55
8nogr P

Integrating by parts several times and applying Eq. (11), we can transform this expression

to the right side of Eq. (6). Thus, having solved Eq. (7) for g with conditions (9), (10),

and then substituting the solution in Eq. (11), we obtain the unknown functions satisfying
the problem posed.

We write the solution of Eq. (7) in the form

g ) =— 2 v () sinF. (12)

The functions sin(mwnr/R,) satisfying Eq. (10) form a complete orthogonal system. Using

Eq. (9) we have
68, (= 1)" v
= ~ L T _dr | dt.
e (0) ang’ é.d ( 540}?0([) ) (13)

7
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Substituting Eqs. (12), (13) in Eq. (11) and integrating over r, we find

Vn anr 3n niRr)
= — iy 3 2l () = 3] sinF + o) (14)
n=1 0 0 0
Now, using boundary conditions (10), we calculate the effective magnetic moment of the

sphere

ml -~

o 1 ¢ '
[l(P2 j‘ J‘ancz dat” ’
~= e — t" | dt’.

Thus, Eqs. (2), (12)-(15) solve the problem posed.*

In the limit o » « we obtain

o — 3c(>>1f<to[ﬂ( 1]5_5_@_){3‘%_1].

2 2 2 2
1 2 Ry | B2

This result corresponds to expulsion of the magnetic field under frozen conditions and com-
plete absence of diffusion within the sphere. In the opposite limiting case o -+ 0 we have
the obvious result o = 0.

The low-frequency conductivity o of a Lorentz plasma in which electron collisions pre-
dominate is given by the expression [2]

4-‘/§ p3f2 - _ 7 1/2
T T8 2Ll 'p = (4ﬂnee2) :
2 2
In (rpT/Ze%), Ze*hu>>1, (16)

~ (rp I/m_l'/h), Ze*hu <1,

where Zg is the ionic charge, L is the Coulomb logarithm, D is the Debye screening radius,
m is the mass of the electron, n, is the electron concentration, u is the mean relative
velocity of electrons and protons, and the temperature T is measured in electrical units.
If we consider the plasma an ideal gas expanding adiabatically with adiabatic index v,
then the expression To3(y-2 = T, is valid (T, is the initial plasma temperature). As

a result the expression in the exponential within the integrand of Eq. (15) can be written
in the form

2 2 2 /5 R273/2 '
e =l (—(P)v, Ty = 16 V3 oo v=(9y—13)/2 (17)

4033@2 P a2 ZeLeml/2gY

( pm is the maximum value of the function ¢ , which determines the final radius of the gas
sphere). If we take R, = 102 cm, T, = 100 eV, Z = 2, L = 4, then the constant 14, which
determines the diffusion time, proves equal to 0.5 sec. The characteristic sphere expan-
sion time T = 30 msec « t4. In the initial time period (i.e., t s 1) when the electrical
conductivity of the plasma is high, the magnetic field within the sphere is practically
frozen. Therefore for rapid expansion of the sphere the field within decreaes and the
plasma sphere takes on an effective magnetic moment. Thereupon (t ~ tq) due to adiabatic
cooling and retardation of the plasma motion the process of magnetic field diffusion back into
the sphere from the external region becomes dominant, leading to relaxation of the magnetic
moment.

To calculate the variable magnetic moment with consideration of the boundary between
the two media we replace the plasma sphere by a variable magnetic dipole immersed to a depth
h in the slightly conductive medium with electrical conductivity o, (Fig. 1). The electro-
magnetic field components for the corresponding boundary conditions were obtained in {31
in Fourier representation. The presence in those expressions of a factor of the form

%Y. I. Yakovlev has noted that after the substitution H.=¢H, di=di{og?)"! and introduc-
tion of the vector potential the original Eq. (3) can be solved with the aid of a Laplace
transform. The quadratures obtained for o can be reduced to Eq. (15).
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exp(—hv/iu,0,0) (where w is the frequency) which considers decay of the electromagnetic field
in the conductive medium shows that the low-frequency region of the spectrum is the most
important. At the boundary with the vacuum (z = 0) in the near zone (wp/ec <« 1, lBlp > 1,

g = Vip,o,w) the field components have the form [4]

oA (mge N\ _ HR(@)
Ep—~7(00 ) sin @ sin v, A..Te ph,
o \1/2 o
E,=4 (”;0 ) (sinq) cosp + 3206); (P), (18)
0

SH, = H, — Hy sin ¢ cos§ = A{sin @ cosPp — 4 cos ¢/(fp)l,
8H, = Hy - Hy sin ¢siny = A sin ¢ sin /2,

Ycos @ 4sin @ cos P
(SHZ———Hz—f-lﬂcosq)=.A(zﬁzp2 28 g)p > )

When performing a reverse Fourier transform of Eq. (18) the integration range over frequency
w can be extended to infinity, since the contribution of high frequencies is insignificant
in view of the factor exp(—Bh) while the contribation of low frequencies is low, since

a(w) > 0 as w > 0. We will also neglect the field of the vertical component of the magnetic
dipole, since the corresponding terms contain the small parameter (Rp)~!. Then the field
components can be expressed in the following manner:

8Hy = HI,, 8H, == 28H, c\g 1},

| (19)
Ep = _EIl’ E(P = _ZEP Ctg w-
Here
g fosmesing L \VE o
2m)% p? W) T A
I, = j a (o) e=Bitiondy, o (o) — Sa () e—iot'gy’, (20)

— 00

§)
I = Viz, j‘ V 0o () e—Brtiotdy,

We extend a section from zero to infinity, with the integration contour lying on a band

which satisfies the condition of attenuation at infinity and encloses the branching point
w =0 from below. We substitute a(w) in the integrals I,, I, and change the order of in-
tegration. By a replacement of variable the integrals over frequency in Eq. (20) can be

reduced to the interval 0, «. Considering the signs of the integrands on the physical
band we arrive at the integrals

o0

I, =2 506 (&) dt’ 5 ¢ V9% cos wda, w = V 201, — ot — 1), 21)
0

0
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oo o

I, = 1/2‘1;} a(t') dt’ f o~ VoT, Vo (cosw + sin w) dw, (21)
0 0

Calculating the inner integrals in Eq. (21) [5] and considering that they are nonzero for
t' < t, we obtain the expressions

3
I, =2Va5, fa(t—t) =2 exp(— 1 0 at,
t

L= — Vg, [a@—t) 052 — 25 exp (— 5/t') de. (22)
0

Equations (15), (19), (22) define the electromagnetic field of the plasma sphere on the
boundary of the condensed medium with the vacuum.

For t » T in the integral within the exponential of Eq. (15) we can substitute the
maximum value ¢ = ¢, . Considering the rapid convergence of the series of Eq. (15) we will
limit our examination to the first term. Then, integrating by parts, we obtain

t
3 ’
() = — <P(t) [ 2 () — -t/td__%j‘(Pge(t —t)/rddt;]. (23)
0

According to the estimate of Eq. (17), T4y » 1, so that at t s T the exponential in Eq. (15)
is equal to unity to an accuracy ~t/t4q. This approximation is also applicable to the rep-
resentation of a in the form of Eq. (23), which is valid with the indicated limitation for
all t. We approximate the function ¢ by the expression

9=1+ (pm — 1)[1 — exp(—¢/1)]. (24)
Substituting Eq. (24) in Eq. (23) and neglecting factors ~t/tq in the coefficients, we have

3 (P 1 .
LL——) [(P'm (fm + e AL 2@netT 4

. (25)
+ (1 - (Psn) e s + 3(Pm ((Pm - 1) e_ﬂ/r - ((Pm - 1)2 e—st/t]’ T:l =T_1 +T;1-

We will study the behavior of the integrals I,, I, of Eq. (22) for various ranges of
t. If t « 7, then, using the linear expansion of Eq. (25), we obtain

qu)=24H(‘Pm—1) TU[((pm‘%— 1)1-_1] [V— (9 . )enc(]/'i)_

nd/2g Z.Td

_V-Tzexp(__rtg”, B, = )4E(i§;zr 1T, [ _
S R )

The character of Eq. (26) is determined by the parameter tT,. For example, at h = 300 m,
=10"%2 @"lm™! 7, ~ 3-107" sec « 1. Analysis of the commencement of the signal (t <
T,) shows that the increase occurs by laws §Ho ~ ts/zexp (=to/t), Ep ~ t3/2 exp (—t,/t),
while at t » 1, the character of the time dependence of 8H¢ is practically linear, EP ~
vt (at t » 1, the functions erfc(vT,/t) and exp(—1,/t) can be taken equal to unity).
For the region t » 1 substitution of Eq. (25) in Eq. (22) leads to typical integrals
I,, I; which can be evaluated in the following manner:

1
T, t— '\ dt / n ¢
I2=§eXP[‘(z—f’+—rﬂ;3/,~ -z T"p( —;), (27)
4 _
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A\

¢
T f— N[V — 2t ,
=§exp[—(T9+ . ”( t:a/zo)dtzts%' 27
0

The first term on the right side of Eq. (27) considers the contribution of the region T s
t' < t, while the second in the expression for I, defines the integration region 0 < t' g
T, which is small for I; and has thus been omitted. Using the estimate of Eq. (27), for
the range ©t <« t « 14q we find the expressions

VRN .
(ﬂnsﬂ Umn-1)(11¢;L+.5¢M1__4)]’

E 3y
VEy 0 120 (@ + 0+~ (1143, + 5, — 4)] (28)

8H, = H | 2na(f) +

(P —

)ﬂ'ﬁ/.

Ey =

(a(t) is determined by Eq. (25)). As is evident from Eq. (28) the signal begins to fall,
so that the substitution t ~ t in Eq. (28) gives a coarse estimate of the maximum value
of the electromagnetic field components: |8Hglm ~ HoRipn/(2np)3, | Eplm ~ | 0He lmlne/(0,0)112.
Taking the parameter values indicated above and setting H, ~ 50 A/m, ¢m ~ 30, we have
|8Ho|p ~ 5°103/p3 A/m, |Eplp ~ 10%°/p® uV/m(with p in meters).

The drop in signal at t » 14 is given by

8H, = —‘)H @ (@ — 1) [’L/T —& 4 exp(— t/Td):I

E - 3E(Pm<(pfn*1) 1/1:() Tq (29)
p== .

32 132

It is evident from comparison of Egs. (28) and (29) that E, changes polarity. The maximum
modulus of reverse polarity E, (at t ~ t4) is less than ('td/'r)l/2 times the initial peak.
While the characteristic w1dth of the first peak ~t, the reverse polarity peak is signifi-
cantly wider, since it depends on t4. The onset of the signal is determined by rapidly
occurring plasma sphere expansion processes. The subsequent slower fall is caused by re-
laxation of the effective magnetic moment as a consequence of magnetic field diffusion into
the gas cavity.

Results of electromagnetic signal calculations are shown in Fig. 2a, b for ¢ = /2,
Y =n/6, p=3 km, h =250 m, Pn = 30, with curves 1-4 corresponding to 14 = 0.2, 0.2, 0.5,
0.5 sec and ™ = 0.03, 0.02, 0.03, 0.02 sec; the dashed lines are calculations with the ap-
proximate analytic expressions (28), (29). The signal form and amplitude correspond to
those observed in experiment [6]. At the same time in the experiments the polarization
of E and 8H in some cases corresponded to the field of a magnetic dipole, and in others,
to the field of an effective electric dipole which develops upon shock electrical polariza~
tion of the condensed medium. This indicates that the effect is caused by both mechanisms.
The analysis performed in [1] and the present study show that the amplitudes of E, and
8H, caused by the vertical component of the electric dipole and the horizontal component
of the magnetic dipole lie within the same order of magnitude, i.e., are comparable. The
components E,, SH, are probably related to shock polarization of the medium, while £y,
8H ¢ are caused by disturbance of H, by the plasma sphere. The orientation of the electric
dipole related to asymmetry of the shock wave front is of a random character [1]. There-
fore in some experiments the contribution of this mechanism is negligibly small. At the
same time the weakness of the effect produced by the other mechanism (if the magnetic field
is vertical) can be predicted a priori. The difference in these effects also manifests it-
self during the time of signal falloff. For shock polarization the signal duration is de-
termined by the time required for development of the destruction wave or the characteristic
time for relaxation of the condensed medium polarization. The perturbations produced by
expansion of the plasma sphere have a duration of the order of magnitude of the time re-
quired for diffusion of the external magnetic field into the gas cavity. According to the
estimates made above this time is the largest.
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